I. INTRODUCTION
To achieve a substantial increase of luminosity in a storage-ring collider, limited options include increase of bunch currents, reduction of beam sizes at interaction points (IPs), and increase of the number of colliding bunches. The first two measures unavoidably increase head-on beam-beam forces which could lead to collective (coherent) beam-beam instabilities [1, 2] . Understanding of coherent beam-beam effects especially in the nonlinear regime is therefore of primary importance for achieving high luminosity in a storage-ring collider with high-intensity beams.
To study the coherent beam-beam effect, one important quantity that can be measured experimentally is the coherent beam-beam tune shift. Without beam-beam interactions and without considering nonlinearities in the lattice, the two counter-rotating beams oscillate transversely with frequencies that correspond to lattice tunes (betatron tunes without collision) if they deviate from close orbits. With beam-beam interactions, the particle distributions of the beams are perturbed and evolve with time according to the Vlasov equation [1] . The dynamics of the beams could therefore be complicated by multi-mode oscillations of the beam distributions. If considering only the stable oscillation of beam centroids (coherent dipole oscillation), the frequency spectrum of the beam-centroid oscillation has two primary frequencies for each degree of freedom of the transverse motion. These primary frequencies correspond to the tunes measured during collision. The differences between these measured collision tunes and the lattice tunes are the coherent beam-beam tune shifts [1, 3, 4] . Over decades, many studies have been conducted on the relationship between the coherent beam-beam tune shift and the beam-beam parameter that measures the strength of the beam-beam interaction [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . Two theoretical models, the linearized Vlasov equation [1] and the rigid-beam model [5] , have been studied extensively for cases of weak beam-beam perturbation in which the beam-beam parameter is relatively small. When the two beams have the same or very close lattice tunes, the calculation of the coherent beam-beam tune shift based on the linearized Vlasov equation with single-mode approximation agrees with beam measurements and computer simulations [3, 4, 6, 7] . The rigid-beam model is inconsistent with the linearized Vlasov equation and was therefore proven to be wrong by beam measurements in this case [6, 7] . When the two beams have very different lattice tunes, on the other hand, the calculation based on the rigid-beam model provides a good agreement with beam measurements [5, 8, 14] . In both of these models, the equilibrium beam distributions were assumed to be Gaussian distributions for easing the calculations. In the case of weak beam-beam perturbation, this assumption is fairly good as the beams were observed to stay close to a Gaussian.
The situation of strong beam-beam perturbations with relatively large beam-beam parameter is much more complicated and less understood. When the beam-beam parameter exceeds a threshold, the beam-beam interaction could induce a chaotic coherent beam-beam instability. After the onset of the instability, the closed orbits could become unstable for the beam centroids and two beams could develop a spontaneous unstable coherent oscillation [2, 15] . 
II. HERA 2000 BEAM EXPERIMENT
In the luminosity upgrade of HERA, the beam-beam parameters of the electron beam have been nearly doubled. To examine any possible luminosity reduction due to beam-beam effects, a series of beam experiments were performed in HERA [14, 16] . In the HERA 2000 beam experiment, the e + beam was used to collide with the p beam at the two IPs and the effect of a large beam-beam parameter of the lepton beam was explored by increasing the vertical beta-function (β e,y ) of the e + beam at the IPs. The vertical beam-beam parameter (ξ e,y ) of the e + beam is related to β e,y by [17] ξ e,y = r e N p 2πγ e β e,y σ p,y (σ p,x + σ p,y )
where r e and γ e are the classic radius and Lorentz factor of positron, respectively, and N p is the number of protons per bunch. The horizontal and vertical size of the p beam at the IPs are given by σ p,x and σ p,y . In the experiment, the p beam current (I p ) was fixed. Since the beam-beam parameter of the p beam is very small, there was little change in the p beam size as it was observed during the experiment. The vertical beam-beam parameter ξ e,y is therefore linearly proportional to β e,y in this case. During the experiment, after the proton current was filled, ξ e,y was increased from 0.068 to 0.272 as β e,y was changed from 1.0 to 4.0 m while other lattice parameters were kept as constants.
It should be noted that with two IPs in the HERA experiment a beam-beam parameter of 0.272 is among the highest ever achieved in storage-ring colliders. Table 1 lists the e + beam current (I e ) and the beam-beam parameters of the e + and p beam at β e,y where the measurement was performed. For the p beam, I p = 90 mA, the beta-function at the IPs were (β p,x , β p,y ) = (7.0, 0.5) m; the lattice tunes were (ν x , ν y ) = (31.291, 32.297); and the emittance without collision was (ǫ 0x , ǫ 0y ) = (3.82, 3.18) nm. For the e + beam, β e,x = 2.5 m, (ν x , ν y ) = (52.169, 52.246), and (ǫ 0x , ǫ 0y ) = (32.0, 1.28) nm. Other beam parameters can be found in [16] . The e + and p beam sizes were not matched during the collision. In the experiment, the emittance of the e + beam and the luminosity were measured as functions of β e,y at both the IPs. In Figs. 1 and 2 , the measured emittance and the specific luminosity were plotted, with discrete points, as functions of ξ e,y . For each ξ e,y where the measurement was performed, two data points correspond to the measurement at the two IPs, respectively. The specific luminosity is defined as
where N col and L are the number of colliding bunches and the luminosity, respectively [14] . As shown in beam-beam instability [2] . To confirm that the luminosity reduction in Fig. 2 is indeed due to the emittance blowup, the luminosity calculated with the measured emittance by using the standard formula [16] is also plotted in the Fig. 2 . The agreement between the measured luminosity and the calculated luminosity in Fig. 2 shows a consistency in the emittance and luminosity measurement.
In the experiment, the collision tunes of the e + beam were also measured at β e,y 
III. RECONSTRUCTION OF HERA BEAM EXPERIMENT WITH NUMERICAL SIMULATION
To have a better understanding of the measured data in the HERA experiment, we have reconstructed the experiment with a self-consistent beam-beam simulation. This numerical study also served as a detailed benchmark of our beam-beam simulation code with the experimental measurement. In the simulation, the linear HERA lattice with the two IPs was used. The code used in this study is an expanded version of [2] that is currently capable of studying beam-beam effects of proton or lepton beams with any aspect ratio (ratio between vertical and horizontal beam size).
The two colliding beams were represented by a million macro-particles with given initial Gaussian distributions in transverse phase space. Without beam-beam interactions, the initial beam distribution used in the simulation matches exactly with the lattice. Beam-beam interaction at each the IP was represented by a kick in transverse phase space and the kick was calculated by using the particle-in-cell method as described in Ref. [2] . Since the beams in the HERA experiment were flat, a uniform mesh extending to ±20σ in the configuration space with a grid constant of 0.2σ was necessary in this case. Tracking of particle motion was conducted in four-dimensional trans-verse phase space without synchrotron oscillations and momentum deviations. For lepton beams, the quantum excitation and synchrotron damping were treated as kicks in each turn during the tracking. The horizontal kick is [18] 
where x and p x are the normalized horizontal coordinate and its conjugate momentum, ǫ x is the horizontal emittance, and w 1 and w 2 are random numbers with a Gaussian distribution that is In the beam simulation, the coherent beam-beam tune shift was also calculated. at the IPs is slightly larger than that of the p beam initially without collision (see Table I ). When parameter is large, on the other hand, the beam-size growth of the e + beam is significant (see Fig. 1 ) and dominates the beam-size mismatch. Moreover, the particle distribution of the e + beam deviates significantly from a Gaussian distribution (see Fig. 5 ). In this situation, the size of the 
In Eq. (A1), Ω i is a 2 × 2 diagonal matrix with (Ω i ) 11 = ν 2 i,x and (Ω i 
where i =1 or 2, j =1 or 2, but i = j; N j is the number of particles per bunch of beam j; a i the classical radius of the particle in beam i; and γ i the Lorentz factor of beam i. With the definition of the beam-beam parameters in Eq. (1), this kick strength can be written as 
where i = 1 or 2, and A i are 2 × 2 matrices with
If both the beams are mirror symmetric with respect to the horizontal and vertical plane, A i are diagonal matrices and the horizontal and vertical coherent oscillation are decoupled. The two eigenfrequencies for the coherent oscillation in the horizontal plane can then be solved as
where
then the coherent frequencies of the two beam are 
A.1. Gaussian Beams
In the case that ρ 0i are Gaussian distributions, matrix A i in Eq. (A6) can be calculated analytically with Eq. (A4) as
where Σ x = σ 2 1,x + σ 2 2,x and Σ y = σ 2 1,y + σ 2 2,y . The matrix element of (A i ) 22 can be simply obtained by exchanging x and y in Eq. (A13). Substituting Eqs. (A2) and (A13) into Eq. (A8) and (σ 1,x , σ 1,y ) = (σ 2,x , σ 2,y ), Eq. (A7) is reduced to the formula obtained by Hofmann [8] . 
A.2. Non-Gaussian Beams
where H i,0 = ν i,x I is the Hamiltonian associated with the betatron motion in the linear lattice and U i is the potential energy for the beam-beam interaction that can be written, for one-dimensional beams, as
where i = 1 or 2, and j = 1 or 2, but i = j. The action-angle variables are related to the normalized variables by x = √ 2I sin φ and p = √ 2I cos φ. f i (I, φ, θ) is the particle distribution of beam i in phase space and satisfies the Vlasov equation. For convenience, we also define a functional 
where { } is the Poisson bracket. Assume that the beams have reached equilibrium distributions f i,0 that satisfy
where 
To solve Eq. (B5), one can convert it into a system of infinite numbers of coupled ordinary differential equations of modes by using Fourier transformation
where ν is the oscillation frequency of the beams and m numbers modes. The m = 1 mode corresponds to the coherent dipole oscillation. To further simplify the problem, one may use the single-mode approximation in which only the mode with m = 1 is kept in the linearized Vlasov equation [4] . It turns out that the use of single-mode approximation is not only a convenience but also a necessity. Without the single-mode approximation, no effective method is available for the general solution of Eq. (B5), except for simplified models as in Ref. [19] . Substituting Eq. (B6) into Eq. (B5), multiplying e −iφ and integrating φ over 2π on the both sides of Eq. (B5), and only keeping the m = 1 mode yields
and
If the equilibrium distributions are independent of φ such as for Gaussian beams, the imaginary term of G i (I, I ′ ) is zero. Otherwise, this imaginary term contributes a damping to the linearized Vlasov equation whenψ i is stable or an excitation whenψ i is unstable. If the equilibrium distributions f i,0 are Gaussian, with a similar algebraic treatment in Ref. [4] , the integrals in Eqs. (B8) and (B9) can be calculated analytically as
where i = 1 or 2; j = 1 or 2; but i = j.
, and r ij = σ 2 j,x /σ 2 i,x .
B.1. Eigenfrequencies and Eigenvectors of Linearized Vlasov Equation
To further proceed with Eq. (B7), one may discretize the action space (I) into a mesh and solve the equation on the grids [3, 4] . Let I = l∆I where ∆I is the grid size; l = 0, 1, 2, ... l p ;
and l p ∆I is the size of the mesh. Since the distributions decay to zero quickly as I increases, a mesh that covers several σ i,x is good enough for a calculation of the coherent frequency. In order to have an accurate frequency for the lattice tune in the eigenfrequencies of Eq. (B7), however, the mesh has to be large enough so that the incoherent beam-beam tune shift at I = l p ∆I is negligible.
In this study, we therefore used l p ∆I = 160 ǫ i,x and ∆I = 0.05 ǫ i,x , where ǫ i,x is the normalized emittance of beam i. Letψ i (l∆I, ν) =ψ il (ν). Eq. (B7) can then be converted into a system of linear algebraic equations on the mesh,
that leads to an eigenvalue problem
Because of the single-mode approximation, M 1 and M 2 are diagonal matrices with the diagonal elements
and the elements of O i are 
B.2. Initial-Value Problem for Coherent Frequencies
Let ν 1 , · · ·, ν lp+1 , ν lp+2 , · · ·, ν 2lp+2 and V (1) , · · ·, V (lp+1) , V (lp+2) , · · ·, V (2lp+2) be the eigenfrequencies and eigenvectors of the discretized and linearized Vlasov equation where M V (n) = ν n V (n) . In the HERA experiment, the lattice tunes of the two beams are very different and, therefore, the two eigenfrequency bands of Eq. (B13) are well separated (see Fig. 8b ). In this case, {ν n } are the eigenfrequencies for the e + beam when n = 1, ..., l p + 1 and the eigenfrequencies for the p beam when n = l p + 2, ..., 2l p + 2. In the discretized action space, the perturbation of the beam distribution ψ 1 (I, φ, θ) and ψ 2 (I, φ, θ) can be represented as a vector,
With the single-mode approximation, the general solution of ψ 1 (I, φ, θ) and ψ 2 (I, φ, θ) can then be obtained from a superposition of the eigenvectors of the linearized Vlasov equation,
where {C k } are constants and can be determined with an initial condition, ψ 1 (I, φ, 0) and ψ 2 (I, φ, 0). 
and ψ 2 (I, φ, 0) = 0 where x 0 is the initial kick. With the single-mode approximation, ψ 1 (I, φ, 0) ≃ g 1 (I)e iφ and ψ(0) = g e iφ where g = ( g 1 (0), g 1 (∆I) , ..., g 1 (l p ∆I), 0 , ..., 0 ) T . Note that the second half of the vector are all zero because beam 2 is not kicked. On the other hand, from Eq.
(B17)
where V is a (2l p +2)×(2l p +2) matrix of which the ith column is V i and C = C 1 , C 2 , ..., C 2lp+2
The coefficients {C k } can then be calculated from C = V −1 g. It should be noted that the initial kick on the beam distributions in Eq. (B18) can be in any direction in phase space since the coherent frequency is the frequency of an infinitesimal oscillation. For near-integrable systems considered in this study, the phase-space region in the vicinity of the origin is integrable and only consists of invariant circles (tori). It is therefore isotropic. The coherent frequencies calculated were indeed found to be independent of the direction of the initial kick. (Fig. 9a) and for the HERA experiment (Fig. 9b) . In Fig. 9a , the peak with an arrow is the calculated coherent frequency that is the same as that in 
